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Abstract: This paper is devoted to the construction of unstable D-brane action in tor-
sional Newton-Cartan background through T-duality along null direction. We determine
corresponding equations of motion and analyze their solution that corresponds to lower di-
mensional non-relativistic D(p-1)-brane. We also find Hamiltonian for unstable Dp-brane
and study tachyon vacuum solutions that can be interpreted as gas of non-relativistic
strings.
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1. Introduction and Summary
Newton Cartan (NC) gravity [1], which is covariant formulation of non-relativistic gravity,
has been intensively studied in the past few years from different points of view. For
example, torsionful generalization of NC geometry has an important place in the study
of non-relativistic aspects of string theory and holography. Torsionful generalization NC
which has non-exact clock form, was firstly observed as the boundary geometry in the
context of Lifshitz holography [2, 3, 4]. There is also interesting relation between NC
gravity and Horˇava-Lifshitz gravity [5] that was found in [6, 7]. Finally, there is also great
interest in the analysis of non-relativistic string theory [9, 10] and its covariant version that
was studied in [11, 12, 13, 14, 15, 16, 17, 18, 19, 20].
At present there are two versions of non-relativistic string theories in NC background.
The first one corresponds to strings on torsional NC background [12, 16, 20] which is
basically defined as null reduction of relativistic string. The second one is known as stringy
NC gravity [11, 13, 19] and it is defined as the special limit from relativistic string theory
[11]. This limit can be considered as a generalization of the analysis presented [21] when
the point particle probe is replaced by fundamental string. The beta function of the
non-relativistic string in stringy NC background was determined in [17] that leads to the
dynamical equations of corresponding stringy NC gravity. In case of torsional NC gravity
the same result was derived in [18]. Then it was shown recently in [20] that these two
non-relativistic string theories can be mapped each other.
These results show that non-relativistic string theories are very important and cer-
tainly deserve further study. For example, in our previous paper [22] we introduced non-
relativistic D-branes in torsional NC background through dimensional reduction along null
direction that can be interpreted as T-duality transformation of relativistic D(p+1)-brane
along null direction 1. Performing this T-duality transformation we derived an action for
1For extended review of D-branes and their T-duality transformations, see for example [23].
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non-relativistic Dp-brane in torsional NC background and we studied its properties. Ex-
plicitly, we derived its Hamiltonian form and we also analyzed how its transforms under
T-duality along spatial direction.
In this paper we would like to extend this analysis to the case of unstable D-branes
which are objects known from relativistic string theories and where they have very impor-
tant place 2. Relativistic unstable D-brane is characterized by presence of the tachyon field
T with the potential V (T ) that is even function of T and that has global minimum for
Tmin = ±∞ where V (Tmin) = 0 where unstable D-brane disappears while local unstable
maximum at Tmax = 0, V (Tmax) = 1. Further, this D-brane breaks target space super-
symmetry completely. These objects are described by non-BPS D-brane effective actions
[25, 26, 27]. This action will be the starting point for the definition of unstable D-brane
in torsional NC background when we closely follow analysis performed in [14]. Explicitly,
we consider unstable D(p+1)-brane in the background with the null isometry in the form
that was suggested in [12] and perform double dimensional reduction along null direction.
We obtain an action for unstable Dp-brane in torsional NC background and we study its
property. Explicitly, we focus on equations of motion and their solution in the form of the
tachyon kink. It was shown in very nice paper [28] in the context of non-BPS Dirac-Born-
Infeld (DBI) action that fluctuations around tachyon kink solution obey the equations of
motion that can be derived an action for codimension one stable D-brane. Following the
same analysis in case of the non-relativistic unstable Dp-brane we obtain that the tachyon
condensation again leads to the lower dimensional non-relativistic D(p-1)-brane in torsional
NC background. This fact can be considered as nice consistency check of the theory.
As the next step we would like to answer the question of the behaviour of non-
relativistic unstable Dp-brane at the tachyon vacuum Tmin =∞. Since the tachyon effective
action is multiplied by V we see that at the tachyon vacuum this action vanishes and hence
it is difficult to analyze fluctuations around its ground state. Then it was shown in [29, 30]
that more natural is to switch to Hamiltonian formalism and study canonical equations of
motion at the point Tmin =∞. It was shown there that the canonical equations of motion
at the T = Tmin describe gas of fundamental strings. We study the same problem in case of
non-relativistic D-brane in torsional NC background. We firstly determine Hamiltonian for
unstable D-brane through the null dimensional reduction of the Hamiltonian of relativistic
unstable D(p+1)-brane. Then we determine canonical equations of motion and study their
properties at the tachyon vacuum. We show that the tachyon vacuum solution describes
fundamental non-relativistic string in torsionful NC background.
Let us outline our results. We determined form of unstable non-relativistic Dp-brane
in torsionful NC background through null dimensional reduction of relativistic unstable
D(p+1)-brane. We derived equations of motions and we studied tachyon kink solution.
We argued that it correspond to non-relativistic Dp-brane. We also determined Hamilto-
nian for this unstable Dp-brane and studied its behaviour at tachyon vacuum. We showed
that corresponding equations of motion describe gas of fundamental non-relativistic strings.
These results again confirm that non-relativistic unstable D-brane shares the same proper-
2For review and extensive list of references, see [24].
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ties with the relativistic one can be considered as a consistency check of the non-relativistic
unstable D-brane action.
This paper is organized as follows. In the next section (2) we obtain an action for
non-relativistic unstable D-brane in torsional NC background. In section (3) we derive
equations of motion and analyze their solutions in the form of the tachyon kink. In section
(4) we focus on Hamiltonian for unstable D-brane and study canonical equations of motion
at the tachyon vacuum.
2. Non-Relativistic Unstable Dp-brane
In this section we derive unstable Dp-brane in torsional NC background through double
dimensional reduction along null direction. We start with the relativistic unstable D(p+1)-
brane whose action has the form [25, 26, 27]
SNBPS = −T˜p+1
∫
dp+2ξe−φ
′
V (T )
√
− det A˜αβ ,
A˜αβ = GMN∂αx
M∂βx
N +BMN∂αx
M∂βx
N + l2sFαβ + l
2
s∂αT∂βT ,
(2.1)
where T is tachyon, V (T ) is tachyon potential that is even function with the property that
V (Tmin) = 0 for Tmin = ±∞ and V (Tmax) = 1. Further, φ′, GMN , BMN ,M,N = 0, 1, . . . , 9
are background dilaton, metric and NSNS two form field, respectively. We parameterize
the world volume of D(p+1)-brane with coordinates ξα, α = 0, 1, . . . , p+1. The remaining
world-volume fields are xM (ξ) that parameterize an embedding of D(p+1)-brane in target
spacetime and gauge field Aα with the field strength Fαβ = ∂αAβ − ∂βAα. Finally, ls is
string length and T˜p+1 is unstable D(p+1)-brane tension T˜p+1 =
√
2
l
p+2
s
=
√
2TBPSp+1 , where
TBPS is tension of the stable D(p+1)-brane.
Let us consider this D(p+1)-brane in the background with null isometry where the line
element has the form [12, 16, 20]
ds2 = gMNdx
MdxN = 2τ(du−m) + hµνdxµdxν , τ = τµdxµ ,m = mµdxµ , (2.2)
where dethµν = 0 and where the background possesses an isometry u → u+ ǫ, ǫ = const.
Now we presume that D(p+1)-brane is extended along u−direction so that we can partially
fix the gauge
u = ξp+1 (2.3)
and we further presume that all world-volume fields do not depend on ξp+1. Let αˆ, βˆ denote
remaining world-volume coordinates αˆ = 0, 1, . . . , p. Then the matrix A˜αβ has the form
A˜αβ =
(
Aˆ
αˆβˆ
ταˆ + l
2
s∂αˆA(p+1)
τ
βˆ
− l2s∂βˆA(p+1) 0
)
,
(2.4)
where Aˆ
αˆβˆ
has the form
Aˆ
αˆβˆ
= h¯
αˆβˆ
+ l2sFαˆβˆ + l
2
s∂αˆT∂βˆT (2.5)
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and where h¯αˆβ = h¯µν∂αˆx
µ∂
βˆ
xν , h¯µν = hµν −mµτν −mντµ.
Let Aˆαˆβˆ is an inverse matrix to Aˆαˆβ so that
Aˆ
αˆβˆ
Aˆβˆγˆ = δγˆαˆ . (2.6)
Then it is easy to find an action for non-relativistic unstable Dp-brane in torsional NC
background in the form
S = −T˜p
∫
dp+1ξV (T )e−φ
√
det Aˆ
√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη) , (2.7)
where we finally defined T˜p and e
−φ through the relation
T˜pe
−φ =
∫
duT˜p+1e
−φ′ . (2.8)
Since the action described unstable Dp-brane the natural question is to analyze solutions
of the equations of motion that follow from (2.7) and that correspond to some stable
configurations. Such a solution is known as tachyon kink and we will study its properties
in the next section.
3. Tachyon Kink Solution
We would like to study equations of motion for non-relativistic unstable Dp-brane in tor-
sional NC background that can be derived from (2.7). The variation of the action (2.7)
with respect to η gives equation of motion for η
∂αˆ

 V (T )e−φ
√
det AˆAˆαˆβˆ∂
βˆ
η√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)

 = 0 .
(3.1)
Further, variation of (2.7) with respect to T gives
−e−φdV
dT
√
det Aˆ
√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη) +
+l2s∂αˆ
[
V (T )e−φ∂
βˆ
T Aˆ
βˆαˆ
S
√
det Aˆ
√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
]
−
− l
2
s
2
∂γˆ

 e−φV (T )
√
det Aˆ√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
(ταˆ − ∂αˆη)Aˆαˆγˆ∂δˆT Aˆδˆβˆ(τβˆ + ∂βˆη)

 −
− l
2
s
2
∂
δˆ

 e−φV (T )
√
det Aˆ√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
(ταˆ − ∂αˆη)Aˆαˆγˆ∂γˆT Aˆδˆβˆ(τβˆ + ∂βˆη)

 = 0 .
(3.2)
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Further, equation of motion with respect to Aαˆ take the form
∂
βˆ
[e−φV (T )AαˆβˆA
√
det Aˆ
√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)]−
−1
2
∂
βˆ

V e−φ
√
det Aˆ√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
(τγˆ − ∂γˆη)AˆγˆβˆAˆαˆδˆ(τδˆ + ∂δˆη)

+
+
1
2
∂
βˆ

e−φ
√
det Aˆ√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
(τγˆ − ∂γˆη)AˆγˆαˆAˆβˆδˆ(τδˆ + ∂δˆη)

 = 0 .
(3.3)
where we defined symmetric and anti-symmetric combination of matrix as
A
α¯β¯
S =
1
2
(Aα¯β¯ +Aβ¯α¯) , Aα¯β¯A =
1
2
(Aα¯β¯ −Aβ¯α¯) . (3.4)
Finally we determine equation of motion for xµ in the form
V (T )∂µφe
−φ
√
det Aˆ
√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)−
−1
2
V (T )e−φ∂µh¯ρσ∂αˆx
ρ∂
βˆ
xσAˆβˆαˆ
√
det Aˆ
√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη) +
+∂αˆ
[
e−φV h¯µν∂βˆx
νAˆ
βˆαˆ
S
√
det Aˆ
√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
]
+
+∂αˆ

V (T )e−φ√det Aˆτµ Aˆ
αˆβˆ
S τβˆ + Aˆ
αˆβˆ
A ∂βˆη√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)

+
+
1
2
V (T )e−φ
√
det Aˆ√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
(τγˆ − ∂γˆη)Aˆγˆαˆ∂µh¯ρσ∂αˆxρ∂βˆxσAˆβˆδˆ(τδˆ + ∂δˆη)−
−1
2
∂γˆ

V (T )e−φ
√
det Aˆ√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
(ταˆ − ∂αˆη)Aˆαˆγˆh¯µν∂δˆxνAˆδˆβˆ(τβˆ + ∂βˆη)

 −
−1
2
∂
δˆ

V (T )e−φ
√
det Aˆ√
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη)
(ταˆ − ∂αˆη)Aˆαˆγˆ∂γˆxν h¯νµAˆδˆβˆ(τβˆ + ∂βˆη)

 = 0 .
(3.5)
Let us now study tachyon condensation on this D-brane following analysis presented in [28].
We select one world-volume coordinate ξp = y and label remaining ones with ξα¯, α¯, β¯ =
0, . . . , p− 1. Let us now presume tachyon kink solution in the form
T (y, ξα¯) = f(a(y − t(ξα¯))) , (3.6)
where f(u) satisfies following conditions
f(−u) = −f(u) , f ′(u) > 0 ,∀u , f(±∞) = ±∞ . (3.7)
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We further presume that all remaining fields depend on ξα¯ only so that
xµ(y, ξα¯) = xµ(ξα¯) , Ay = 0 , Aα¯(y, ξ
α¯) = aα¯(ξ
α¯) , η(y, ξα¯) = η(ξα¯) (3.8)
so that the matrix Aˆ
αˆβˆ
has the form
Aˆα¯β¯ = aα¯β¯ + a
2f ′2∂α¯t∂β¯t , Aˆα¯y = −a2f ′2∂α¯t , Aˆyβ¯ = −a2f ′2∂β¯t , Aˆyy = a2f ′2 ,
(3.9)
where
aα¯β¯ = h¯µν∂α¯x
µ∂β¯x
ν + l2sFα¯β¯ . (3.10)
Then it is easy to see that the inverse matrix Aˆαˆβˆ has the form
Aˆyy =
1
a2f ′2
+ ∂γ¯ta
γ¯δ¯∂δ¯t ,
Aˆyβ¯ = ∂δ¯ta
δ¯β¯ , Aˆα¯y = aα¯γ¯∂γ¯t , Aˆ
α¯β¯ = aα¯β¯ ,
(3.11)
where aα¯β¯ is matrix inverse to aα¯β¯. To proceed further we observe that for the ansatz
given in (3.8) we have
det Aˆ = a2f ′2 deta ,
(ταˆ − ∂αˆη)Aˆαˆβˆ(τβˆ + ∂βˆη) = (τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η) (3.12)
and also
∂αˆT Aˆ
αˆβ¯
S = 0 , ∂αˆT Aˆ
αˆy
S =
1
af ′
. (3.13)
Inserting these results into (3.1) we obtain that it has the form
V (T )af ′∂α¯

 e−φ√detaaα¯β¯S ∂β¯η√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)

 = 0 (3.14)
using the fact that
∂αˆ[V af
′]Aˆαˆβ¯ = ∂y[V (T )af
′]Aˆyβ¯ + ∂α¯[V af
′]Aˆα¯β¯ = ∂y[V (T )af
′]∂δ¯ta
δ¯β¯ + ∂α¯[V (T )af
′]aα¯β¯ = 0 .
(3.15)
Further, we have f ′ > 0 by presumption. On the other hand since V ∼ e−T 2 we have
lim
a→∞
af ′V ∼ lim
a→∞
ae−a
2(y−t)2 = 0 (3.16)
for y 6= t(ξ). So that the equation of motion (3.14) is obeyed for t 6= y in the limit a→∞
while in case t = y it is obeyed on condition when
∂α¯

 e−φ√det aaα¯β¯S ∂β¯η√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)

 = 0 (3.17)
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which is precisely the equations of motion for non-relativistic D(p-1)-brane. To see this in
more detail let us consider an action for non-relativistic D(p-1)-brane that has the form
[22]
S = −τ˜p−1
∫
dpξe−φ
√
det a
√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η) . (3.18)
From this action we get following equations of motion
∂α¯

 e−φ√detaaα¯β¯S ∂β¯η√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)

 = 0 ,
(3.19)
Further, equations of motion with respect to aα¯ take the form
∂β¯ [e
−φaα¯β¯A
√
det a
√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)]−
−1
2
∂β¯

e−φ
√
deta√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)
(τγ¯ − ∂γ¯η)aγ¯β¯aα¯δ¯(τδ¯ + ∂δ¯η)

 +
+
1
2
∂β¯

e−φ
√
deta√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)
(τγ¯ − ∂γ¯η)aγ¯α¯aβ¯δ¯(τδ¯ + ∂δ¯η)

 = 0 .
(3.20)
Finally we determine equation of motion for xµ
∂µφe
−φ√deta
√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)−
−1
2
e−φ∂µh¯ρσ∂α¯x
ρ∂β¯x
σaβ¯α¯
√
deta
√
(τα¯ − ∂α¯η)aα¯β¯(τβˆ + ∂βˆη) +
+∂α¯
[
e−φh¯µν∂β¯x
νaβ¯α¯
√
det a
√
(τα¯ − ∂α¯η)aα¯βˆ(τβˆ + ∂βˆη)
]
+
+∂α¯

e−φ√detaτµ aα¯β¯S τβ¯ + aα¯β¯A ∂β¯η√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)


+
1
2
e−φ
√
deta√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)
(τγ¯ − ∂γ¯η)aγ¯α¯∂µh¯ρσ∂α¯xρ∂β¯xσaβ¯δ¯(τδ¯ + ∂δ¯η)−
−1
2
∂γ¯

e−φ
√
det a√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)
(τα¯ − ∂α¯η)aα¯γ¯h¯µν∂δ¯xνaδ¯βˆ(τβˆ + ∂βˆη)

−
−1
2
∂δ¯

e−φ
√
deta√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)
(τα¯ − ∂α¯η)aα¯γ¯∂γ¯xν h¯νµaδ¯β¯(τβ¯ + ∂β¯η)

 = 0 .
(3.21)
Let us now return to the equations of motion for unstable D-brane. Inserting (3.8) into
(3.2) we obtain that is zero when we take (3.15) into account. This fact implies that t(ξ) is
– 7 –
not determined by equations of motion which is a reflection of the fact that t(ξ) determines
location of the kink on the world-volume of Dp-brane. On the other hand all positions of the
kink on the world-volume of Dp-brane are equivalent and hence t(ξ) should be considered
as parameter of diffeomorphism transformation rather then dynamical variable.
Let us further consider equation of motion for Aα¯ that for an ansatz (3.8) takes the
form
af ′V
[
∂β¯[e
−φaα¯β¯A
√
deta
√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)] −
−1
2
∂β¯[e
−φ
√
deta√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)
(τγ¯ − ∂γ¯η)aγ¯β¯aα¯δ¯(τδ¯ + ∂δ¯η)] +
+
1
2
∂β¯[e
−φ
√
deta√
(τα¯ − ∂α¯η)aα¯β¯(τβ¯ + ∂β¯η)
(τγ¯ − ∂γ¯η)aγ¯α¯aβ¯δ¯(τδ¯ + ∂δ¯η)

 = 0 ,
(3.22)
where we used (3.15). We see that this equation is obeyed at the point y = t(ξ) on condition
that the expression in the bracket is zero. Comparing this requirement with (3.20) we see
that this is equation of motion for aα¯. In case of the equation of motion for Ax we find
that it is again obeyed on condition that (3.20) holds. This follows from the fact that
∂α¯[af
′V ]Aˆα¯xA = − ddx [af ′V ]∂α¯taα¯β¯A ∂β¯t = 0.
Finally we consider equation of motion for xµ. Following the same manipulation and
using (3.15) we find that they hold at the point y = t(ξ) on condition that the equations
(3.21) are obeyed.
In other words, we have shown that the tachyon kink solution on non-relativistic non-
BPS Dp-brane in torsional NC background can be identified as stable non-relativistic D(p-
1)-brane. This is similar situation as in case of relativistic non-BPS Dp-brane and tachyon
kink solution.
4. Hamiltonian for unstable Non-Relativistic Dp-brane
In this section we derive Hamiltonian for unstable Dp-brane in torsional NC background
and study tachyon vacuum solution, generalization of the analysis presented in [22] to the
case of unstable Dp-branes. We start with the well known Hamiltonian for relativistic
unstable D(p+1)-brane that has the form
Hnon = N τHnonτ +N iHnoni −A0G ,
Hnonτ = ΠMGMNΠN + l−4s πi∂ixMGMN∂jxNπj + l−2s πi∂iT∂jTπj + p2T +
T 2p+1e
−2φ′V (T )2 det(gij + l
2
s∂iT∂jT + l
2
sFij) ≈ 0 ,
Hnoni = pT∂iT + pM∂ixM + Fijπj ≈ 0 , G = ∂iπi ≈ 0 ,
(4.1)
where ΠM = pM+l
−2
s BMN∂ix
Nπi , i, j = 1, . . . , p+1 and where pM are momenta conjugate
to xM , πi are momenta conjugate to Ai and Hnonτ ,Hnoni and G are first class constraints.
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Now we consider this unstable D(p+1)-brane in the null background given in (2.2) and
presume that it is extended along u−direction so that
u = ξp+1 (4.2)
and all fields do not depend on ξp. Let iˆ, jˆ = 1, . . . , p denote remaining spatial coordinates.
Further we presume that components of NSNS two form are zero. We can also interpret
(4.2) as the gauge fixing constraint that together with Hu are two second class constraints
that can be explicitly solved so that
pu = ∂iˆAuπ
iˆ . (4.3)
Then, following [22], we identify Au with η and conjugate momentum π
u with pη as
η = l2sAu , pη = l
−2
s π
u . (4.4)
As a result we obtain Hamiltonian and spatial diffeomorphism constraints for unstable
non-relativistic Dp-brane in the form
Hnonτ = 2l−4s ∂iˆηπiˆΦ∂jˆηπjˆ − 2l−2s ∂iˆηπiˆvˆµpµ + pµhµνpν +
+l−4s π
iˆ∂iˆx
µh¯µν∂jˆx
νπjˆ + l−2s π
iˆ∂iˆT∂jˆTπ
jˆ + p2T + 2l
−2
s π
iˆ∂iˆx
µτµpη +
+T 2p e
−2φV (T )(∂iˆηa
iˆjˆ∂jˆη − ∂iˆxµτµaiˆjˆ∂jˆxντν) det aiˆjˆ ,
Hnon
iˆ
= pT∂iˆT + pµ∂iˆx
µ + pη∂iˆη + Fiˆjˆπ
jˆ , Gnon = ∂iˆπiˆ ,
(4.5)
where
aiˆjˆ = h¯iˆjˆ + l
2
s∂iˆT∂jˆT + l
2
sFiˆjˆ , (4.6)
and where we performed rescaling as in [22]. Alternatively, we could also derive (4.5)
from (2.7) through Legendre transformation but it is clear that these two procedures are
equivalent.
As the next step we determine canonical equations of motion. SinceHnon =
∫
dpξ(N τHnonτ +
N iˆHnon
iˆ
−A0Gnon) we obtain
∂τη = {η,Hnon} = 2N τ l−2s πiˆ∂iˆxµτµ +N iˆ∂iˆη ,
∂τpη = {pη,Hnon} = ∂iˆ[4l−4s N τπiˆΦ∂jˆηπjˆ − 2l−2s N τπiˆvˆµpµ + 2T 2pN τe−2φV aiˆjˆ∂jˆη det a+Nσpη]
(4.7)
while equations of motion for T and pT have the form
∂τT = {T,Hnon} = 2N τpT +N iˆ∂iˆT ,
∂τpT = {pT ,Hnon} = ∂iˆ[2N τ l−2s πiˆ∂jˆTπjˆ ] + ∂iˆ[N iˆpT ]−
−T 2p e−2φ
dV (T )
dT
(∂iˆηa
iˆjˆ∂jˆη − ∂iˆxµτµaiˆjˆ∂jˆxντν) det a−
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−∂iˆ[T 2p e−2φV (T ) det a(∂kˆηakˆiˆ∂jˆTajˆlˆ∂lˆη + ∂kˆηakˆjˆ∂jˆTaiˆlˆ∂lˆη)] +
+∂iˆ[T
2
p e
−2φV (T ) det a(∂
kˆ
xµτµa
kˆiˆ∂jˆTa
jˆlˆ∂
lˆ
xντν + ∂kˆx
µτµa
kˆjˆ∂jˆTa
iˆlˆ∂
lˆ
xντν)] +
+2∂iˆ[N
τT 2p e
−2φV deta∂jˆTa
jˆiˆ
S (∂iˆηa
iˆjˆ∂jˆη − ∂iˆxµτµaiˆjˆ∂jˆxντν)] .
(4.8)
Further, the equations of motion for xµ and pµ have the form
∂τx
µ = {xµ,Hnon} = −2N τ l−2s ∂iˆηπiˆvˆµ + 2N τhµνpν +N iˆ∂iˆxµ ,
∂τpµ = {pµ,H} = −2N τ l−4s ∂iˆηπiˆ∂µΦ∂jˆηπjˆ + 2N τ l−2s ∂iˆηπiˆ∂µvˆνpν − 2N τpρ∂µhρσpν +
+2N τ l−4s ∂iˆ[π
iˆh¯µν∂jˆx
νπjˆ ]− 2N τ l−4s πiˆ∂iˆxρ∂µh¯ρσ∂jˆxνπjˆ −
− 2
l2s
∂iˆ[N
τπiˆτµpη]− 2N τ l−2s πiˆ∂iˆxν∂µτνpη +
+T 2pN
τ∂µ[e
−2φ]V (∂iˆηa
iˆjˆ∂jˆη − ∂iˆxµτµaiˆjˆ∂jˆxντν) deta+
+T 2pN
τe−2φV [∂
kˆ
ηakˆiˆ∂µh¯ρσ∂iˆx
ρ∂
jˆ
xσajˆ lˆ∂
lˆ
η − ∂
kˆ
xρ
′
τρ′a
kˆiˆ∂µh¯ρσ∂iˆx
ρ∂
jˆ
xσajˆlˆ∂
lˆ
xσ
′
τσ′ ] det a−
−∂iˆ[T 2pN τ e−2φV deta∂kˆηakˆiˆh¯µν∂jˆxνajˆlˆ∂lˆη]− ∂jˆ [T 2pN τe−2φV det a∂kˆηakˆiˆh¯νµ∂iˆxνajˆlˆ∂lˆη] +
+∂iˆ[T
2
pN
τ e−2φV detaτ
kˆ
akˆiˆh¯µν∂jˆx
νajˆlˆτ
lˆ
]− ∂jˆ [T 2pN τe−2φV det aτkˆakˆiˆh¯νµ∂iˆxνajˆlˆτlˆ]−
−2T 2p ∂iˆ[N τe−2φV τµaiˆjˆτjˆ deta] +
−T 2pN τe−2φV (∂iˆηaiˆjˆ∂jˆη − τiˆaiˆjˆτjˆ)∂µh¯ρσ∂kˆxρ∂lˆxσalˆkˆ det a+
+2∂iˆ[N
τT 2p e
−2φV (∂
kˆ
ηakˆlˆ∂
lˆ
η − τ
kˆ
akˆlˆτ
lˆ
)h¯µν∂jˆx
νa
jˆ iˆ
S deta] + ∂iˆ[N
iˆpµ] .
(4.9)
Finally we determine equations of motion for Aiˆ and π
iˆ
∂τAiˆ =
{
Aiˆ,H
non
}
= 4N τ l−4s ∂iˆηΦ∂jˆηπ
jˆ − 2N τ l−2s ∂iˆηvˆµpµ +
+2N τ l−4s ∂iˆx
µh¯µν∂jˆx
νπjˆ + 2N τ l−2s ∂iˆT∂jˆTπ
jˆ + 2N τ l−2s ∂iˆx
µτµpη +N
jˆFjˆ iˆ + ∂iˆA0 ,
∂τπ
iˆ =
{
πiˆ,Hnon
}
= ∂
kˆ
(N kˆπiˆ)− ∂
lˆ
(N iˆπ lˆ)− T 2p ∂jˆ [N τe−2φV ∂kˆηakˆjˆaiˆlˆ∂lˆη deta
+∂jˆ [N
τe−2φV N τe−2φV ∂
kˆ
ηakˆiˆajˆlˆ∂
lˆ
η deta]
+T 2p ∂jˆ [N
τe−2φV τ
kˆ
akˆjˆaiˆlˆτ
lˆ
deta
−∂jˆ [N τe−2φV N τe−2φV τkˆakˆiˆajˆlˆτlˆη det a]
+2l2sT
2
p ∂jˆ [N
τe−2φV (∂
kˆ
ηakˆlˆ∂
lˆ
η − τ
kˆ
akˆlˆτ
lˆ
)aiˆjˆA deta] .
(4.10)
We see that these equations of motion are very complicated. On the other hand we will be
interested in the tachyon vacuum solution T = Tmin, pT = 0 that correspond to V (Tmin) =
0 , dV
dT
(Tmin) = 0. Further, ∂iˆV (Tmin) =
dV
dT
(Tmin)∂iˆT = 0 since we have tachyon vacuum
solution everywhere on the world-volume on non-relativistic unstable Dp-brane. In this
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case the equation of motion simplify considerably
∂τη = 2N
τ l−2s π
iˆ∂iˆx
µτµ +N
iˆ∂iˆη ,
∂τpη = ∂iˆ[4l
−4
s N
τπiˆΦ∂jˆηπ
jˆ − 2l−2s N τπiˆvˆµpµ +Nσpη]
(4.11)
and
∂τx
µ = −2N τ l−2s ∂iˆηπiˆvˆµ + 2N τhµνpν +N iˆ∂iˆxµ ,
∂τpµ = −2l−4s ∂iˆηπiˆ∂µΦ∂jˆηπjˆ + 2N τ l−2s ∂iˆηπiˆ∂µvˆνpν − 2N τpρ∂µhρσpν +
+2N τ l−4s ∂iˆ[π
iˆh¯µν∂jˆx
νπjˆ ]− 2N τ l−4s πiˆ∂iˆxρ∂µh¯ρσ∂jˆxνπjˆ −
− 2
l2s
∂iˆ[N
τπiˆτµpη] + 2N
τ l−2s π
iˆ∂iˆx
ν∂µτνpη + ∂iˆ[N
iˆpµ] .
(4.12)
Finally the equations of motion for Aiˆ and π
iˆ have the form
∂τAiˆ = 4N
τ l−4s ∂iˆηΦ∂jˆηπ
jˆ − 2N τ l−2s ∂iˆηvˆµpµ + ∂iˆA0
+2N τ l−4s ∂iˆx
µh¯µν∂jˆx
νπjˆ + 2N τ l−2s ∂iˆx
µτµpη +N
jˆFjˆ iˆ ,
∂τπ
iˆ = ∂
kˆ
(N kˆπiˆ)− ∂
kˆ
(N iˆπkˆ) .
(4.13)
To proceed further we introduce projector on direction along πiˆ
△iˆ
jˆ
= δiˆ
jˆ
−
πiˆπ lˆh¯
lˆjˆ
πkˆh¯
kˆlˆ
π lˆ
, h¯iˆjˆ = ∂iˆx
µh¯µν∂jˆx
ν , △iˆ
jˆ
△jˆ
kˆ
= △iˆ
kˆ
. (4.14)
With he help of this projector we can split N iˆ into two components as
N iˆ = N kˆδiˆ
kˆ
= △iˆ
kˆ
N kˆ + πiˆ
π lˆh¯
lˆkˆ
N kˆ
π lˆh¯
lˆkˆ
πkˆ
≡ N iˆT +N iˆIIπiˆ , (4.15)
where
N iˆT h¯ijπ
jˆ = 0 . (4.16)
Let us consider solutions where πiˆ is constant and hence ∂τπ
iˆ = 0 , ∂jˆπ
iˆ = 0 which also
implies that the Gauss constraints is obeyed.
Then the second equation in (4.13) takes the form
0 = ∂
kˆ
N kˆTπ
iˆ − ∂
kˆ
N iˆTπ
kˆ (4.17)
that should be valid for all iˆ. This can be obeyed on condition when
N iˆT = 0 . (4.18)
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Further, we know that the physical dimension of πiˆ is [πiˆ] = L−(p+1) where L is some
length scale. Then we can write πiˆ as
πiˆ = niˆTp , (4.19)
where niˆ is dimensionless. Since πiˆ always appears with combination πiˆ∂iˆ we introduce
coordinate σ in the following way:
πiˆ∂iˆ = Tpn
iˆ∂iˆ ≡ Tp∂σ . (4.20)
Let us perform some dimensional analysis and rescaling. First of all we have N iˆ = NIITpn
iˆ.
Further N τ has dimension [N τ ] = Lp+1 and hence it can be written as N τ = n
τ
Tp
where nτ
is dimensionless. Further, since N iˆ is dimensionless we find that NII can be written as
NII = n
σ 1
Tp
, (4.21)
where nσ is dimensionless. Finally we write all momenta as
pη = kη
Tp
l2s
, pµ = kµ
Tp
l2s
. (4.22)
Using these rescaled variables we get the equation of motion in the form
∂τη = 2n
τ l−2s ∂σx
µτµ + n
σ∂ση ,
∂τkη =
1
l2s
∂σ[4n
τΦ∂ση − 2nτ vˆµkµ − nσkη] ,
(4.23)
while equations of motion for xµ and pµ reduce into
∂τx
µ = − 2
l2s
nτ∂σηvˆ
µ + 2nτhµνpν + n
σ∂σx
µ ,
∂τkµ = −2n
τ
l2s
∂ση∂µΦ∂ση +
2nτ
l2s
∂ση∂µvˆ
νkν −
−2n
τ
l2s
kρ∂µh
ρσkσ +
2nτ
l2s
∂σ[h¯µν∂σx
ν ]− 2n
τ
l2s
∂σx
ρ∂µh¯ρσ∂σx
ν −
−2n
τ
l2s
∂σx
ν∂µτνkη + n
σ∂σx
µ +
2
l2s
∂σ[n
ττµkη] .
(4.24)
Now we compare these equations with the equations of motion for non-relativistic string
in torsional NC background whose Hamiltonian was derived in [14] in the form
K =
∫
dσ(nτKτ + nσKσ) , (4.25)
where
Kτ = kµhµνkν − 2
l2s
kµvˆ
µ∂ση +
1
l4s
h¯µν∂σx
µ∂σx
ν +
2
l2s
kητµ∂σx
µ +
2
l4s
∂σηΦ∂ση ,
Hσ = kµ∂σxµ .
(4.26)
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Using string Hamiltonian (4.25) we obtain following equations of motion for non-relativistic
string in torsional NC background in the form
∂τx
µ = {xµ,K} = nτ (2hµνkν − 2
l2s
vˆµ∂ση) + n
σ∂σx
µ ,
∂τkµ = {pµ,K} = −nτkρ∂µhρσkσ + 2n
τ
l2s
kν∂µvˆ
ν∂ση − 1
l2s
∂µh¯ρσ∂σx
ρ∂σx
σ +
+
2
l4s
∂σ[n
τ h¯µν∂σx
ν ]− 2n
τ
l2s
kη∂µτν∂σx
ν +
2
l2s
∂σ[kητµ]− 2n
τ
l4s
∂ση∂µΦ∂ση + ∂σ[n
σkµ]
(4.27)
and also
∂τη = {η,K} = 2n
τ
l2s
τµ∂σx
µ + nσ∂ση ,
∂τkη = {kη,K} = −∂σ[2n
τ
l2s
kµvˆ
µ] +
4
l4s
∂σ[n
τΦ∂ση] + ∂σ [n
σkη ] .
(4.28)
We see that these equations coincide with (4.23) and (4.24) and hence we can interpret the
tachyon vacuum solution as a state with the gas of fundamental non-relativistic strings.
More precisely, the equations of motion (4.23) and (4.24) contain derivative with respect
to σ while generally fields defined on the world-volume of unstable Dp-brane depend on
transverse coordinates (transverse with respect to σ) as well. In other words all solutions
of (4.23) and (4.24) can be multiplied by function that depend on transverse coordinates
and that can be interpreted as density of the fundamental non-relativistic strings as in
[29, 30]. We mean that this is again nice consistency check of the proposed non-relativistic
unstable Dp-brane so that it can be considered as important part of non-relativistic string
theory in torsional NC background.
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